Supersolid is a long-sought exotic phase of matter, which is characterized by the co-existence of a diagonal long-range order of solid and an off-diagonal long-range order of superfluid.
lattices 17 , the supersolid phase in the present system is accompanied by the spontaneous generation of a lattice composed of meron and antimeron pairs, hence featuring a topologically nontrivial spin configuration. With decreasing SO coupling strength, this supersolid phase gives its way to a state consisting of alternating spin domains separated by chiral Bloch walls. Depending on the sign of SO coupling, the chirality of the Bloch walls can be either right-handed or left-handed.
We also discuss the influence of asymmetric interatomic interaction and SO coupling anisotropy (κ x = κ y ) on the properties of the supersolid phase.
Results

Spin-orbit coupling induced supersolid. We consider SO coupled two-component Bose-Einstein
condensates in a spin-dependent periodic potential. The SO coupling is of the Rashba-Dresselhaus type, which can be realized by using periodic pulsed magnetic field 51, 52 . The spin-dependent potential is usually produced by means of the counter-propagating cross-polarized laser beams 49, 50 (Supplementary). The Hamiltonian reads in the Gross-Pitaevskii mean-field approximation
where the complex-valued order parameter Ψ = [Ψ ↑ (r), Ψ ↓ (r)] ⊤ is normalized to the total particle number N as drΨ † Ψ = N. The strength of the atom-atom interaction g αβ = 4π 2 a αβ /m is characterized by the s-wave scattering length a αβ . The SO coupling term can be written as V so = −i (κ x σ x ∂ x + κ y σ y ∂ y ), where σ x,y are the Pauli matrices and κ x,y denote the SO coupling strengths. Notice that when κ x = κ y , the SO coupling belongs to the Rashba type. The spin-up and spin-down atoms are subjected to the spin-dependent periodic potentials V ↑ = V 0 sin 2 ( πx a
) and ma 2 to simulate realistic configurations of cold atom experiments. When λ = ω z /ω ⊥ ≫ 1, the condensates can be regarded as quasi-2D, and the effective interaction parameter in a 2D dimensionless form isg αβ = 2 √ 2πNa αβ /a hz , where a hz = /mω z .
Considering that the differences in a ↑↑ , a ↓↓ and a ↑↓ are within 1% in typical experiments involving the magnetic sublevels of alkali atoms, first we focus on the case of SU(2) symmetric interactions withg =g ↑↑ =g ↓↓ =g ↑↓ .
For a fixed value of atom-atom interaction, we observe a transition from the superfluid phase to a supersolid phase with increasing SO coupling strength ( Fig. 1) . In fact, when the SO coupling is weak, the ground state of the system consists of alternating spin domains, where stripes filled with spin-up and spin-down atoms are segregated (Fig. 1a,b) . While the translational symmetry along the x direction is explicitly broken by the spin-dependent periodic potentials, the system preserves its translational symmetry along the y direction. If the strength of the SO coupling is increased beyond a critical value, the translational symmetry along the y direction is spontaneously broken. As a result, a new phase with periodic density modulation along the y direction is stabilized (Fig. 1e ,f and 1i,j), and hence can be considered as a supersolid state. The emer-gence of such a density modulation can be understood as a stripe phase along the y direction with imposed SO coupling. However, this supersolid phase also exhibits exotic spin textures, which will be discussed below. The momentum distribution of the supersolid phase features qualitative difference from the superfluid phase. For the superfluid phase, the atoms are condensed at a set of discrete points on the edge of Brillouin zones with finite momenta (k x ∈ K, k y = 0), where
, ...} (Fig. 1d) . For the supersolid phase, the momentum distribution peaks are separated from k y = 0 to k y = ±δ, where δ ∈ (0, mκ ) depends on the SO coupling strength (Fig. 1h ,l) and the periodic potential depth ( Fig. S2 in Supplementary). This qualitative difference can be detected using conventional time-of-flight imaging technique.
In addition to the density modulation along the y direction, the supersolid phase is also characterized by a vortex lattice structure consisting of vortex and antivortex chains in the spin-up and spin-down domains, respectively, as shown in Fig. 1f ,j. Depending on the competition between SO coupling strength and periodic potential depth, two different arrangements of vortices can be stabilized. In one case, the vortices of the neighboring chains are staggered, forming a triangular lattice (Fig. 1f) . In the other case, the vortices of the neighboring chains are parallel, forming a rectangular lattice (Fig. 1j ). As shown in Fig. 1h ,l, these two different vortex lattices correspond to qualitatively different momentum distributions, hence can be distinguished by experiments. In Fig. 2 , we present the ground-state phase diagram spanned by the SO coupling strength κ and the periodic potential depth V 0 , with the 2D dimensionless effective interaction parameter being g = 6000.
We stress that a vortex lattice is not directly associated with the supersolid phase, as it is absent in the supersolid droplet crystals 14 . In the present system, the generation of vortices is a direct consequence of the interplay among the SO coupling, the spin-dependent periodic potentials, and the interatomic interactions. This is very different from the usual manner of creating supersolid vortices by rotation 15 or artificial magnetic fields 18 .
The alternating arrangement of vortex and antivortex chains can be viewed as alternating plane waves propagating on opposite directions along the y axis, as shown in Fig. 1g where the parameters are the same as in Fig. 1f and 1j . In both Fig. 3a and 3b, the spin texture represents a spontaneous magnetic ordering in the form of crystals of meron pairs and antimeron pairs 54 . The meron pairs reside in the spin-up domains, while the antimeron pairs reside in the spin-down ones. Both a meron pair and an antimeron pair have a "circular-hyperbolic" structure, and the only difference is that they have exactly opposite spin orientations (see Fig. 3e ,f).
The topological nature of the spin textures can be characterized by the topological charge Q (Chern number), which is defined as a spatial integral of the topological charge density q (r) = 1 8π Fig. 2c and 2d , we present the topological charge density distribution for the triangular and rectangular lattices, respectively. Notice that both meron and antimeron pairs are topologically nontrivial. A meron pair carries a topological charge 1, while an antimeron pair carries a topological charge −1. As a comparison, the topological charge density is zero everywhere in the topologically trivial superfluid phase.
Topological spin texture lattices, such as meron-pair lattices and skyrmion lattices, are usually stabilized by bulk rotation 55, 56 . Recently, it has been also suggested that skyrmion lattices can be realized by the combined effects of SO coupling and harmonic trap 42 , provided that the trapping potential energy ω ⊥ is higher than the characteristic interaction energyg ω ⊥ (i.e.,g < 1)
43 .
Our results demonstrate that meron-pair lattices can also be stabilized by the combined effects of SO coupling and spin-dependent periodic potentials, within a large regime of interatomic interaction strength. For example, the meron-pair lattices in 
Chiral domain walls.
After discussing the novel properties of the supersolid state in the previous sections, here we investigate the superfluid phase appeared at weak SO coupling. In this phase, the translational symmetry along the y direction is preserved, such that the system does not support density modulation along this axis. However, the presence of SO coupling breaks the spin-rotational symmetry in the S x -S y plane, and leads to spontaneous chiral domain walls.
In order to give a clear description of this phenomenon, we first consider the effect of SO coupling on the relative phase of the two component condensates. In the absence of SO coupling, the Hamiltonian of Eq. (1) does not depend on the relative phase. In the presence of SO coupling, for the superfluid phase illustrated in Fig. 1a -d, we have ∇θ ↑ = ∇θ ↓ = 0, where θ ↑ and θ ↓ represent the phases of the spin-up and spin-down wave functions, respectively. Due to the translational symmetry, the gradient of the density along the y direction can be approximately considered as
(1) can be represented as
One can easily see that in the presence of SO coupling, the Hamiltonian depends on the relative phase. By minimizing the energy functional, the relative phase of the ground-state wave functions has to be locked at ± π 2
, where the sign ± is determined by the sign of ∂ x |Ψ ↑ |. As a result, the periodic density modulation along the x direction leads to a relative phase alternating between
and − π 2 (see Fig. 4a ).
The relative phase plays an important role in determining the type of the spin domain walls, which separate the spin-up and spin-down domains 57 . From the definition of the spin density vector S, one can find that S z is solely determined by the relative density, while the direction of the spin projection on the S x -S y plane is determined by the relative phase and can be represented by an azimuthal angle α = arctan(S y /S x ) = θ ↓ − θ ↑ . In the absence of SO coupling, the two component condensates have an arbitrary relative phase, such that the spin projection on the S x -S y plane within the domain wall can take arbitrary directions. In the presence of SO coupling, the relative phase is locked at ± π 2
, thus the spin rotational symmetry in the S x -S y plane is broken. As
, obviously we have S x = 0. This implies that the spins on the domain wall are confined within the S y -S z plane and form a Bloch wall, crossing which the spin vector rotates like a spiral 58 .
One important feature of a domain wall is its chirality, which distinguishes the right-handed rotation from the left-handed rotation as moving between domains. Domain wall chirality has been recently investigated in ultrathin ferromagnetic films [58] [59] [60] . As a new controllable degree of freedom, domain wall chirality opens up new opportunities for spintronics device designs, and has potential application in information processing and storage. In the present system, we find that the chirality of the Bloch walls can be manipulated by changing the sign of the Rashba SO coupling. According to Eq. (2), if one changes the sign of the Rashba SO coupling constant κ, the relative phase will jump between ± π 2 (see Fig. 4a ). As S y can be represented as
, changing the sign of the relative phase will change the sign of S y , and hence the chirality of the Bloch walls. Typical examples of spin configuration are given in Fig. 4b and 4c, where the right-handed and left-handed chiral Bloch walls correspond to positive and negative SO coupling constants, respectively. In the proposal to realize Rashba SO coupling given in the Supplementary Materials, the sign of the Rashba SO coupling can be varied by tuning the phase of the rf field 51 .
Effects of asymmetric interaction and anisotropic spin-orbit coupling. In the discussion above,
we have focused on the case of SU(2) symmetric interaction with g ↑↑ = g ↓↓ = g ↑↓ . It is important to consider also the non-SU(2) symmetric interaction with g ↑↑ = g ↓↓ = g ↑↓ . We find that if a supersolid phase can be stabilized with a proper combination of SO coupling strength κ and periodic potential depth V 0 with a SU(2) symmetric interaction, an asymmetric interaction with g ↑↑ > g ↑↓ always favors the supersolid phase, as shown in Fig. 5a . For the case of g ↑↑ < g ↑↓ , the supersolid phase is also stable provided that the difference in g ↑↑ and g ↑↓ is small (Fig. 5b) . As one further increases the asymmetry such that g ↑↑ ≪ g ↑↓ , the supersolid phase becomes unfavorable and is replaced by the superfluid phase (Fig. 5c,d ).
Additionally we have considered the anisotropy effects of the SO coupling. By decreasing κ x we find that the supersolid phase, if exists in the Rashba case, remains stable for a certain range of κ x < κ y , as shown in Fig. 5e . By further increasing the anisotropy, the system undergoes a phase transition and becomes a superfluid, as shown in Fig. 5f . This superfluid phase can be regarded as a plane-wave state along the y direction, which is characterized by phase modulation and momentum distribution shown in Fig. 5g and 5h, respectively. In particular, when κ x = 0, the SO coupling becomes unidirectional and reduces to that of the NIST scheme [22] [23] [24] . and the supersolid phase with nontrivial topological spin texture is no longer formed.
Discussion
The system considered can be realized experimentally in 87 By using a CO 2 laser operated at a wavelength of 10.6 µm, one can produce a lattice constant with a = π /mω ⊥ , which are consistent with our present calculation.
The supersolid phase can be identified either by a direct observation of the lattice structure via in-situ measurement 61, 62 , or by a momentum distribution measurement via time-of-fight imaging technique 63 . The topological spin configurations of the meron-pair textures, as well as the chiral domain walls, can be imaged nondestructively with a high spatial resolution by the magnetizationsensitive phase-contrast imaging technique 64 . The Domain wall chirality can also be determined by extracting the relative phase from dual state imaging technique 65 .
To summarize, we have studied the spin-orbit coupled Bose-Einstein condensates in spindependent periodic potentials. We have demonstrated that the interplay between the spin-orbit coupling and the spin-dependent periodic potentials leads to the emergence of a supersolid phase, which features a concomitant magnetic ordering with topologically nontrivial spin textures. We have explored the phase diagram of the system upon changing the spin-orbit coupling strength and the periodic potential depth, and investigated the effects of asymmetric interatomic interaction and anisotropic spin-orbit coupling. Proposals to realize and observe the supersolid phase within realistic experimental situation have also been discussed.
Methods
Calculating the many-body ground states. We investigate the many-body effects based on the Both the meron and the antimeron pairs have the same "circular-hyperbolic" structure, but with opposite spin orientations. Parameters used in these plots are identical to those used in Fig. 1e-h and 1i-l. The first two stages of the scheme represent a modified version of a recent proposal 1 to produce SO coupling by means of magnetic pulses. Originally it was proposed to create the SO coupling using a strong time-independent bias magnetic field along the quantisation axis z and infrared (IR) magnetic field in the x-y plane with a frequency ω in resonance with splitting between the magnetic sublevels induced by the bias field 1 . Yet now we are dealing with the hyperfine states |F = 1, m F = 1 and |F = 1, m F = −1 , which can not be directly coupled by such magnetic pulses. To bypass the problem, we propose to use simultaneously two IR magnetic fields in the x-y plane with different frequencies ω 1 = ω 2 , where frequency sum ω 1 + ω 2 equals to the magnetic splitting between the two sublevels. This provides a two photon coupling between the hyperfine states |F = 1, m F = 1 and |F = 1, m F = −1 . The corresponding second order coupling Hamiltonian can be made proportional to σ x or σ y depending on the phases of the IR fields,
where σ x and σ y are the quasi-spin operators for the selected pair of states.
The magnetic field B 1 with frequency ω 1 is taken to be uniform and oriented along the x axis. Another magnetic field B 2 with frequency ω 2 is produced by a pair of wires along the y or x axis for the first (0 ≤ t < τ ) and the second (τ ≤ t < 2τ ) stages, respectively 1 . By going to the rotating frame to eliminate the bias field along the z direction, choosing the proper phases of the IR magnetic fields, and making the rotating-wave-approximation to neglect the fast oscillating terms, the second order coupling induced by the IR fields can yield the SO coupling terms −i κ x σ x ∂ x and −i κ y σ y ∂ y for the first and second stages respectively. The SO coupling parameters κ x and κ y depend on the strength of the magnetic pulses and the detuning from the single photon resonance, and also require some quadratic Zeeman shift in order to be non-zero.
The first two stages provide a two-dimensional (2D) SO coupling
in the first-order approximation, which is valid for a sufficiently short duration τ . In particular, for κ x = κ y , one arrives at the isotropic Rashba type SO coupling.
In the third stage, 2τ ≤ t < 3τ , the magnetic field is turned off, and two counter-propagating laser beams are applied with the same frequency but perpendicular linear polarization vectors (see , and the dimensionless interaction parameter is taken asg = 6000. one period
